A lamination parameter-based strategy for solving an integer-continuous problem arising in composite optimization by Liu, D. & Toropov, V.V.
A lamination parameter-based strategy for solving an integer-continuous problem arising in composite optimization 

Dianzi Liua, Vassili V. Toropovb
a School of Civil Engineering, University of Leeds, LS2 9JT, UK.
b School of Civil Engineering and School of Mechanical Engineering, University of Leeds, LS2 9JT, UK.

Abstract 
      A bi-level optimization strategy for finding the optimal ply numbers and stacking sequence in composite structures has become one of the most popular techniques in recent years. When the optimization technique is based on the use of lamination parameters, the top level optimization has two subsets of design variables for each substructure (e.g., a panel in wing design): lamination parameters treated as continuous design variables, and three integers that define the number of plies of 0, 90 and ±45 degree orientation. When a continuous optimizer is used at the top level, there is a need for an algorithm to find an integer representation of the obtained continuous number of plies that, ideally, does not alter the mechanical performance of a panel. The focus of this paper is on solving the top level optimization problem whereas the description of local level optimization problem that arranges the stacking sequence can be found in the authors’ previous work. In order to determine the integer values of the ply numbers, two schemes based on the lamination parameter matching are introduced in this paper. The strategy is to use a binary code controlling the integer representation of ply numbers in order to obtain a discrete number of plies of each orientation per composite panel. An optimization problem is formulated where the objective function (to be minimized) defines how close the lamination parameter values and the panel thickness, obtained in the top level optimization, are to their values when integer ply numbers are considered. Such an optimization problem is solved by a permutation GA for each individual panel. A wing box benchmark problem is used to demonstrate the potential of these methods.    
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1.	Introduction

Composite materials play an important role in aeronautical industry for tailoring the material’s mechanical characteristics such as in-plane, flexural and bucking behaviour [1-4]. A bi-level optimization strategy for finding the optimal number of plies and stacking sequence in composite structures has been used in [5-11]. When the top level optimization is based on the use of lamination parameters, treated as continuous design variables, there is a need for an algorithm for an optimum integer representation of the continuous variable (thickness) so that the stacking sequence optimization can be performed to determine the detailed lay-up configuration of a composite laminated structure. Due to industrial requirements and manufacturing considerations, symmetric and balanced laminates with ply orientations of 0, 90, 45 and -45 degrees are typically used resulting in a need to obtain three integer values of the number of 0, 90 and ±45 degree plies per panel. 
The use of lamination parameters is a convenient approach to representing the in-plane and flexural stiffness thus allowing for an efficient optimization of laminated composite structures. It was first used by Tsai et al. [12] and later applied to the buckling optimization of orthotropic laminated plates by Fukunaga and Hirano [13]. Miki [14] and Fukunaga [15] used lamination parameters for tailoring mechanical properties of laminated composites. In a laminated composite optimization problem, lamination parameters can be used as design variables instead of layer thicknesses and ply angles in order to avoid falling into local optima. Diaconu et al. [16] used a variational approach to determine feasible regions in the space of lamination parameters as constraints in the optimization problem. The soundness of the basic premise of looking for the nearest discrete solution in lamination parameter space has been called into question several times in the past, for example in paper [17]. It has been demonstrated that the optimum discrete solution is not necessarily the one nearest to the continuous solution in lamination parameter space. An alternative approach is to use the lamination parameters as intermediate variables for a surrogate model. In such an approach, the finite element analysis is replaced with a surrogate model of the structural response in terms of lamination parameters. Todoroki et al. [18,19] opted for a global response surface, while Herencia et al. [17] constructed a linear approximation of the design constraints around the optimum continuous design to achieve the better laminates’ stacking sequences in the lamination parameter design space.  
In lamination parameter-based optimization, at the top level the out-of-plane lamination parameters and the numbers of plies of each fibre orientation (0, 90 and ±45 degrees) in each panel are treated as the design variables. The weight is the objective function to be minimized subject to the constraints on buckling, strength and lamination parameter feasibility. This is followed by the local level optimization for shuffling plies subject to the satisfaction of the lay-up rules, manufacturing and the mechanical performance preservation requirements (including blending constraints), see [9,10] for details. 
The integer representation of ply numbers, that is the focus of this paper, can be viewed as a final stage of the top level optimization, if a continuous optimizer is used. In this stage, the continuous ply number values are converted into the integer ply numbers.





      The concept of lamination parameters was first introduced in [12]. The stiffness matrices A and D are governed by twelve lamination parameters and five material parameters. The A and D stiffness properties are derived from the classical laminate theory [20], which ignores transverse shear and normal stresses for the analysis of multilayered structures. Using this simple theory for composite analysis, the computational expense involved in the optimization iterations has been reduced. For more accurate laminates analysis of multi-layered structures, the layer-wise analysis and zig-zag theories [21, 22] should be used.
      For orthotropic symmetric and balanced laminates, the number of independent lamination parameters can be reduced to eight. The elements of the membrane stiffness matrix A and the bending stiffness matrix D can be expressed as:
                                                               
                                                                                                                  (1)
where the lamination parameters are:
 and  
	This suggests that the use of lamination parameters as design variables in composite optimization can be very beneficial. It is known (see [1, 16]) that the relationships between the out-of-plane lamination parameters can be expressed as:
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	For the majority of aeronautical structures symmetric and balanced laminates with ply orientation of 0, 90, 45 and -45 degrees are used. Thus,  and the first relationship in (2) can be rewritten as:
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	In this paper, the lamination parameters are defined as:
                                                 
                                                                                          (5)


where 	andindicate membrane and bending effects,
           	 is the panel number, 
           	 is half the number of 0 degree plies in the total stack of thepanel,
           	 is half the number of pairs of degree plies in the total stack of thepanel,
           	 is half the number of 90 degree plies in the total stack of thepanel,
           	 is the total thickness of the panel,
           	 is the ply angle.
	In the formulae above the values ,can be immediately evaluated, and the following condition holds:  .
      For the detailed formulations of the top level optimization problem using lamination parameters and the local level optimization of stacking sequences, see Liu et al. [9-11]. 

3.	Integer representation of ply numbers by a combined binary-permutation GA

	Using the lamination parameter-based method, in the top level optimization problem the continuous representation of the number of plies of each orientation and the lamination parameters related to the out-of-plane stiffness matrix are obtained. In order to shuffle the given number of plies to satisfy the layup rules and all other (e.g., blending) requirements in the local level optimization, there is a need for an algorithms to perform the integer representation of the obtained continuous “ply numbers” of 0, 90 and ±45 degree orientation to their integer values. 
In order to find the optimum integer representation of the numbers of plies, two lamination parameter-based schemes are suggested: 
1.	 Matching of the in-plane lamination parameters only while also attempting to retain the panel thickness value. Since the in-plane stiffness is defined by the in-plane lamination parameters which can be explicitly expressed as a function of the number of plies of each orientation, matching in-plane lamination parameters accompanied by preservation of the panel thickness drives the  integer representation of ply numbers algorithm.
2.	 In addition to the Scheme 1, the out-of-plane lamination parameters are also targeted to match their values passed from the top level optimization. This is achieved by two optimization loops: in the outer loop an alteration of a binary string controlling the integer representation of ply numbers is performed by a binary GA to determine the discrete number of plies of each orientation per panel. In the inner loop a permutation GA is used to find an intermediate stacking sequence matching the out-of-plane lamination parameters. Compared to Scheme 1, Scheme 2 is slower and not as easy to implement but in this scheme the mechanical performance of the composite structure after finding the integer representation of ply numbers is preserved better because of matching both in-plane and out-of-plane lamination parameters.  
As already mentioned, the Scheme 2 is based on attempting to preserve the in-plane and out-of-pane mechanical behaviour of each panel while keeping the target thickness (all of these requirements are passed from the top level optimization). Since the bending stiffness matrix is affected by the stacking sequence of plies and the in-plane stiffness is characterized by the in-plane lamination parameters (that can be explicitly expressed as a function of the number of plies of each orientation), an intermediate stacking sequence arrangement becomes a part of the problem of the integer representation of ply numbers. A permutation GA [27-29] is an appropriate tool for such an optimization problem. Each string in the coding represents a unique stacking sequence. An example of using the genetic operators with a permutation encoding is given below.
1)	Mutation - two numbers are selected and exchanged e.g. 3rd and 5th:
[1 2 3 4 5]		[1 2 5 4 3].
2)	Crossover can be done in a variety of ways, e.g. simple crossover, cycle crossover, inversion and swap adjacent cells. The swap adjacent cells method, implemented in this work, is illustrated below:
[1 2 3 4 5]		[1 3 2 4 5].
The ply shuffling described above is performed as an inner optimization procedure controlled by the outer optimization loop that is a binary GA controlling the integer representation of ply numbers to determine the integer number of plies of each orientation per composite panel. Here, the number of plies of each ply orientation is changed in the range [,] with an increment of 1, where is a result of converting the continuous number of ply to an integer by truncating. Note that in the Scheme 1 this is the only optimization stage that is necessary to perform for matching the in-plane lamination parameters.
The objective is to target the lamination parameter values that are passed from the top level optimization in order to preserve the mechanical performance of the composite structure while also trying to preserve the overall thickness value in each panel. In order to combine the indicators of the in-plane lamination parameter match (), the out-of-plane lamination parameter match (), and the thickness match () into a single-objective function, a weighted sum of these indicators is used:

                                                                                                                    (6)
where is the objective function,
is the weighting coefficient for the non-dimensional in-plane lamination parameters, 
is the weighting coefficient for the non-dimensional out-of-plane lamination parameters,
is the weighting coefficient for the thickness match,
is the  non-dimensional out-of-plane lamination parameter passed from the top level optimization,
is the  non-dimensional in-plane lamination parameter passed from the top level optimization,
is the  computed non-dimensional out-of-plane lamination parameter,
is the  computed non-dimensional in-plane lamination parameter,
is the total number of plies in the panel after obtaining the integer representation of ply numbers,




















Table 1 Results for the number of plies of 0, ±45 and 90 degree orientation in Scheme 2                                 and comparison with the results of [9] 

Panel No.									





14	25.35	13.24	19.28	    25	    13	    19	25	14	19
15	27.66	15.70	22.04	28	16	22	28	16	22
16	27.48     	15.81       	22.07       	28	16	22	27	16	22
17	25.56     	13.49       	19.36       	28	16	22	26	14	19
18	20.99      	6.05        	13.05       	21	6	13	21	7	13
Total number of plies                     1177.32                			1178			1192	


Table 2 Results for the non-dimensional in-plane and out-of-plane lamination parameters  in Scheme 2

Panel no.										











Table 3 Results for the number of plies and in-plane lamination parameters in Scheme 1 and comparison with the results of [9]






14        	25.35	13.24	19.28	    25                                      	13	    19	 0.1688	0.5063
15	27.66	15.70	22.04	28	16	22	0.1480	0.4439
16	27.48     	15.81       	22.07       	28	16	22	0.1478	0.4435
17	25.56     	13.49       	19.36       	25	13	19	0.1669	0.5007
18	20.99      	6.05        	13.05       	21	6	13	0.3468	0.9536
Total number of plies                           1177.32                                        1176			

Since the weighted sum type objective is used to convert the multi-objective problem into a single objective one, the weighting coefficients,and for in-plane lamination parameter match (), the out-of-plane lamination parameter match (), and the thickness match () need to be determined. After several trial runs for different weightings,  and are selected to formulate the objective function in the wing box example.
In the authors’ previous research [9], a simple rounding-off rule was applied to determine the integer number of plies of each orientation from the continuous results: the number of 45 deg plies in the top skin and the number of 0º and 90º plies in the bottom skin are rounded up to achieve the discrete optimal design, and all the other continuous values are rounded to the nearest integers. This simple rule facilitated satisfaction of the lay-up rules and reduction of the number of occurrences of a of 90º jump between two adjacent plies in the local level optimization [10, 11]. 
The results for the optimization with the integer representation of ply numbers in Scheme 2 are listed in Table 1. For some of the panels (10, 11, 16 and 17), the obtained integer values are neither the ones that could be obtained by rounding-off to a nearest integer, nor by the simple rounding-off rule of [9]. Using the integer representation of ply numbers in Scheme 2, the total number of plies becomes very close to the result of continuous optimization, much more so than obtained by the rounding-off rule of [9]. In Table 2, the obtained values of non-dimensional lamination parameters are compared to the target values passed from the top level optimization. The calculated out-of-plane lamination parameters  are very close to the target values  and the in-plane lamination parameters  are somewhat more different from the target values  because the the integer representation of ply numbers has a more pronounced effects on the in-plane lamination parameters. The largest difference for the in-plane lamination parameters is in Panel 16, e.g. with the error of 11% for. In Table 3, the integer number of plies and in-plane lamination parameters determined by Scheme 1 is given. The total number of plies is again much closer to the continuous value as compared to the number obtained by the rounding-off rule of [9]. For some of the panels (16 and 17), the obtained integer values are not the ones that could be obtained by rounding up or down to the nearest integer. From the comparison of the results obtained by Schemes 1 and 2, the integer numbers of plies are the same for all but one panel, the different values are only for the panel 11. 
5.	Conclusions

A technique based on the lamination parameter matching is introduced to find the optimum integer representation of the number of plies of each orientation. The integer representation of ply numbers could be viewed as a final stage of the top level optimization, if a continuous optimizer is used. In this final stage, the continuous ply numbers are converted into the integer ply numbers. The advantage of Scheme 1 (in-plane lamination parameter matching) is that it results in a faster techniques and also that more freedom for the final ply shuffling in the local level optimization could be available because no intermediate ply shuffling was used to convert continuous numbers of plies into integer values. The potential advantage of Scheme 2 is that it finds a match for both in-plane and out-of-plane lamination parameters to the results from the top level optimization thus giving a better opportunity for preserving the mechanical performance characteristics of the composite structure. On the other hand, it could result in having less freedom for the final ply shuffling in the local level optimization when a number of other requirements (manufacturing, blending, etc.) have to be considered in addition to the lamination parameter matching. Finally, it should be stressed that in both schemes the integer representation of ply numbers remains computationally inexpensive, because it does not call any numerical simulations and only deals with calculating the lamination parameter values by simple formulas.
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